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The dissipative electron-ion-pcd (positively charged dust) plasma, which is observed in both space
and laboratory plasmas, is considered. The basic features of nonplanar cylindrical and spherical ion-
acoustic subsonic shock waves in such a medium are investigated by deriving a modified Burgers
equation using the reductive perturbation method. It is found that the stationary pcd species
reduces the phase speed of the ion-acoustic waves, and consequently supports the subsonic shock
waves due to the kinematic viscosity (acting as a source of dissipation) of the ion species. It is
observed that the cylindrical and spherical subsonic shock waves evolve with time very significantly,
and that the time evolution of the spherical shock structures is faster than that of the cylindrical
ones. The implications of the results of the work to space and laboratory plasmas are discussed.
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The linear [1–3] and nonlinear [4–26] properties of
the ion-acoustic (IA) waves in dusty plasmas play a vi-
tal role in understanding small, finite and large ampli-
tude electrostatic disturbances in both laboratory [27–33]
and space [33–38] plasmas. The linear properties of the
IA waves in dusty plasmas (containing inertialess elec-
tron, inertial ion and stationary negatively charged dust
species) have been identified theoretically [1–3] as well as
experimentally [27–29]. It has been shown here that the
phase speed of the IA waves increases with the rise of
the charge number density of the stationary negatively
charged dust species. This linear feature of the IA waves
in dusty plasma modifies their nonlinear features, and
leads to the formation of the modified IA (MIA) super-
sonic solitary and shock waves [4–26].
Recently plasmas with positively charged dust (pcd)
species, which are observed in many space (viz. noctilu-
cent clouds [39], Earth’s mesosphere [40–43], cometary
tails [38], Jupiter’s surroundings [44], Jupiter’s magneto-
sphere [45], Saturn rings [46], etc.) and laboratory [47–
49] plasma systems, has received a great deal of interest
in understanding small, finite and large amplitude elec-
trostatic disturbances in both space and laboratory dusty
plasmas [38–49].
Three principal dust charging mechanisms [50–53],
which make the dust species positively charged, are:
• The photo-emission of electrons from the dust sur-
face induced by the flux of photons [52].
• The thermionic emission of electrons from the dust
surface by the radiative heating [51].
• The secondary emission of electrons from the dust
surface by the impact of the high energetic plasma
particles like electrons and ions [50].
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The dispersion relation for the modified IA (MIA) waves
in an electron-ion-pcd plasma medium (containing in-
ertialess isothermal electron species, inertial cold ion
species, and stationary pcd species) is given by
ω =
1√
1 + µ
kCi√
1 + 11+µk
2λ2D
, (1)
where ω = 2pif and k = 2pi/λ in which f (λ) is the
IA wave frequency (wavelength); Ci = (zikBTe/mi)
1/2
is the IA speed in which kB is the Boltzmann constant,
Te is the electron temperature, and mi is the ion mass;
λD = (kBTe/4piz
2
i ni0e
2)1/2 is the IA wave length-scale
in which ni0 (zi) is the number density (charge state)
of the ion species at equilibrium, and e is the magni-
tude of the charge of an electron. We note that for an
electron-ion-pcd plasma medium ne0 = zini0 + zdnd0 at
equilibrium, where ne0 is the electron number density at
equilibrium; nd (zd) is the number density (charge state)
of the positive dust species; µ = zdnd0/zini0. The dis-
persion relation (1) can be interpreted as follows:
• The dispersion relation (1) for the long-wavelength
limit (viz. λ λD) is
ω
kCi
=
1√
1 + µ
, (2)
which indicate that the phase speed of the MIA
waves decreases with the rise of the value of µ.
• It is obvious that µ = 0 corresponds to the
electron-ion plasma, and µ → ∞ corresponds to
the electron-dust plasma [46–49]. Thus, 0 < µ <∞
is valid for the electron-ion-pcd plasma. However,
µ 1 is not appropriate for the most electron-ion-
pcd plasma, since the MIA waves are due to the
compression and rarefaction, and vise-versa of the
ion species in presence of the pcd species.
• The relation (1) for the short-wavelength limit (viz.
λ λD) is ωpi, which is the upper limit of the MIA
or IA waves since it is independent of µ.
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2The aim of our present work is to examine the effects of
the stationary pcd species, and the new features of the
linear MIA waves on the MIA shock waves (SWs) in the
electron-ion-pcd plasma under consideration.
We now investigate the MIA shock waves in a dissi-
pative electron-ion-pcd plasma system, and describe the
macroscopic state of this plasma system as
∂ni
∂t
+
1
rν
∂
∂r
(rνniui) = 0, (3)
∂ui
∂t
+ ui
∂ui
∂r
= −∂φ
∂r
+ η
∂2ui
∂r2
, (4)
1
rν
∂
∂r
(
rν
∂φ
∂r
)
= (1 + µ) exp(φ)− ni − µ, (5)
where ν = 0 for one dimensional (1D) planar geometry,
and ν = 1 (2) for cylindrical (spherical) geometry; the
electron species has is assumed to obey the Boltzmann
law so that ne = exp(φ); ne (ni) is the electron (ion)
number density normalized by ne0 (ni0); ui is the ion
fluid speed normalized by Ci; φ is the electrostatic wave
potential normalized by kBTe/e; r and t are normalized
by λD and ω
−1
pi , respectively; η is the kinematic viscos-
ity coefficient (normalized by ωpiλ
2
D) for the ion species.
The assumption of stationary pcd species is valid because
of the mass of the pcd species being extremely high in
comparison with that of the inertial ion species.
To study the nonplanar SWs in the electron-ion-pcd
plasma, we use the reductive perturbation method [54],
i.e. we stretch the independent variables as [55–57]
ξ = −(r + Vpt), (6)
τ = 2t, (7)
expand the dependent variables as [54–57]
ni = 1 + n
(1)
i + 
2n
(2)
i + · · ·, (8)
ui = 0 + u
(1)
i + 
2u
(2)
i + · · ·, (9)
φ = 0 + φ(1) + 2φ(2) + · · ·, (10)
and develop equations in various powers of , where  is
the expansion parameter satisfying 0 <  < 1, and Vp
is the phase speed [normalized by Ci i.e. Vp = ω/kCi
defined by (2)] of the MIA waves. To the lowest order in
, (3)−(5) give rise to
n
(1)
i = −
u
(1)
i
Vp , (11)
u
(1)
i = −
φ(1)
Vp , (12)
Vp = 1√
1 + µ
. (13)
The variation of Vp with µ is graphically shown to find the
range of the values of µ and corresponding Vp for which
the subsonic MIA SWs exist. The results are displayed in
figure 1. It is clear from figure 1 that the subsonic MIA
FIG. 1: The range of the values of µ and corresponding Vp
for which the subsonic MIA SWs exist.
SWs are formed in the region above the curve (indicated
by the horizontal lines), and that no shock wave exists
in the region below the curve (indicated by the vertical
lines). To the next higher order in , we obtain
∂n
(1)
i
∂τ
− ∂
∂ξ
[
Vpn(2)i + u(2)i + n(1)i u(1)i
]
− νu
(1)
i
Vpτ = 0, (14)
∂u
(1)
i
∂τ
− Vp ∂u
(2)
i
∂ξ
− u(1)i
∂u
(1)
i
∂ξ
=
∂φ(2)
∂ξ
+ η
∂2u
(1)
l
∂ξ2
, (15)
∂2φ(1)
∂ξ2
= (1 + µ)φ(2) − n(2)i +
1
2
(1 + µ)[φ(1)]2. (16)
The use of (11)−(16) gives rise to a modified Burgers
equation in the form
∂φ(1)
∂τ
+
ν
2τ
φ(1) +Aφ(1) ∂φ
(1)
∂ξ
= C ∂
2φ(1)
∂ξ2
, (17)
where A and C are nonlinear and dissipation coefficients,
and are, respectively, given by
A = 3
2
√
1 + µ
(
µ+
2
3
)
, (18)
C = η
2
. (19)
We note that (ν/2τ)φ(1) in (17) is due to the effect of
the nonplanar geometry, and that ν = 0 or |τ | → ∞
corresponds to a 1D planar geometry. Thus, for a large
value of τ , and for a frame moving with a speed U0, the
stationary shock wave solution of (17) is [56]
φ(1) = φ
(1)
0
[
1− tanh
(
ξ − U0τ
δ
)]
, (20)
where φ
(1)
0 and δ are, respectively, the height and thick-
ness of the MID SWs, and are, respectively, given by
φ
(1)
0 =
U0
A , (21)
δ =
η
U0 , (22)
3FIG. 2: The time evolution of the subsonic MIA SWs in cylin-
drical (ν = 1) geometry for U0 = 0.1, µ = 0.3, τ = −20 (solid
curve), τ = −15 (dotted curve), τ = −10 (dashed curve), and
τ = −1 (dot-dashed curve).
FIG. 3: The time evolution of the subsonic MIA SWs in spher-
ical (ν = 2) geometry for U0 = 0.1, µ = 0.3, τ = −20 (solid
curve), τ = −5 (dotted curve), τ = −2 (dashed curve), and
τ = −1 (dot-dashed curve).
where (19) is substituted into (22). The direct observa-
tions from (21) and (22) are as follows:
• The electron-ion-pcd plasma system supports the
MIA subsonic SWs with φ(1) > 0, since A > 0 and
µ > 0 are always valid.
• The height φ(1)0 of the MIA subsonic SWs depends
on U0 and µ, but not on η. It is directly propor-
tional to U0 for a fixed value of µ. On the other
hand, it increases with µ since the phase speed of
the MID waves decreases with µ.
• The thickness δ of the subsonic MIA SWs depends
only on η and U0, and it is directly proportional to
η for a fixed value of U0, but it is inversely propor-
tional to U0 for a fixed value of η.
We now numerically solve (17) to observe how the sub-
sonic MIA SWs evolve with time from past to present by
using (20) as the initial shock pulse. The results for cylin-
drical (ν = 1) and spherical (ν = 2) geometries are shown
in figures 2 and 3, respectively. We note that for a large
value of τ (viz. τ = 20) we got solid curves [shown in
figures 2 and 3], which represent the subsonic MIA SWs
in 1D planar geometry. It is also observe from figures 2
and 3 that the height of the cylindrical (ν = 1) MIA SWs
is larger than that of 1D planar (ν = 0) ones, but smaller
than that of spherical (ν = 2) ones. Their height (thick-
ness) increases (decreases) as the time pases from past to
present. This is due to the geometry and time dependent
term (ν/2τ)φ(1) in the modified Burgers equation.
To summarize, we have considered the dissipative
electron-ion-pcd plasma to show the existence of the sub-
sonic MIA SWs, and to identify their basic features by
the numerical analysis of the Burgers equation, which
has been derived by employing the reductive perturba-
tion method. The limitation of the reductive perturba-
tion method is that it is not valid for arbitrary amplitude
SWs. To overcome this limitation, one has to develop a
numerical code to simulate the basic equations (3)−(5).
This type of numerical simulation will be able to show
the time evolution of arbitrary amplitude SWs. This is,
of course, a challenging research problem, but beyond
the scope of our present work. However, our present
work should be useful for understanding the small but
finite amplitude electrostatic disturbances in many space
(viz. noctilucent clouds [39], Earth’s mesosphere [40–43],
cometary tails [38], Jupiter’s surroundings [44], Jupiter’s
magnetosphere [45], etc.) and laboratory[47–49] dusty
plasma environments, where the electron, ion pcd plasma
species coexist.
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